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| Objective
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To Make Equilibrium Calculation Efficient & Parallel!
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| Abstract

User Equilibrium / UE (FI A& 191& B 5
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Frank-Wolfe Algorithm

¥

Simplicial Decomposition

(SD)

¥

Disaggregate Simplicial Decomposition

(DSD)
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| Novelty / Utility / Reliability

Novelty

Reliability

| I

Proposes an improved SD for UE problem, allowing the decomposed
subproblems for each OD pair to be solved in parallel.
FIREIFEEL D DSDEZWE. MOBEDREEICE DODRF S &S
StEZAEEIC

Requires fewer shortest path calculations and readily adapts to changes in
network topology, especially useful for large-scale networks.
RARKEROEHENRD. Xy NT—IVEICESICHID
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Validates the algorithm’s performance through numerical experiments on
benchmark problems and a new large-scale network.
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Solution

cf. BBSRAESH#5 by BifE S A

“An alternating direction method of multipliers for solving

Algorithms

» Path-base | KaRLUEREEd(PND)

* Origin-base {=-aia=sames

“Larsson and Patriksson (1992) solved an OD-based auxiliary problem,
and updated the solutions through a convex combination of extreme points.”
ODN—XDFHBEEZRE. MROLESZE U TRZEH

“the decomposed subproblems can be solved in parallel.”
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* Link-base: Frank-Wolfe algorithm, Gauss-Seidel iteration method

user equilibrium problem”
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| Definition

® Consider static traffic assignment problems, modelling peak-hour urban traffic

E—JBOETRBICE T I2FEEERANBEIGESET IV
Symbol Definition
G = (N,A) Transportation network (v b7 —72)
N Set of nodes (/ — K DHER) Origin Destination
A Set of directed arcs (AIAY ¥ 27 DEF) a %
acA A directed arc (HIAY > 7) a
ta(f) Positive travel time for arc a (V ¥ 7 a OIEDAKITIRR) TArc (Link)
f Network flow (Z23fiit)
CCNXxN Set of OD pairs (OD X7 DER)
(p,q) €eC An OD pair (OD R7)
dpq Positive flow demand for (p,q) (OD X7 (p,q) DIEDTFE)
Japq Flow from p to q through a (V> 7 a 22 p 226 g ND 7 0 —) V: W-
fo =3 (p.pec fapg  Total arc flow (V > 7 D87 1 —) l t
ieN A specific node (FfED / — F)
Wi, Vi Arcs initiated /terminated at i (/ — F i THHE 2 /b3 VU > 7)
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| Wardrop's Principles
1. User Equilibrium: SFi5E R Al

The journey times in all routes actually used are equal and less than those that
would be experienced by a single vehicle on any unused route.
MASNSIREORITRAEIIFEEZFELL. FHASNGVWREBOKRITRELD S
INEWH, BWLWEWEL L,

2. System Optimal: FTER /A
The average journey time is a minimum.

EIERY T —7 LORIKITRENR/NE RS,




UE/FDDEEL - FifiRELREN DEiL

L ta(x): U ¥ 2 aDRRATES R

m Wardrop ®# &9 O F MR ELE=E P me

_________________________________________ Lxg: Y 7aDIBEE
! . BRI BERMICIETOL S ICBETE S VS ODA T rsE D/ SR kDR E
i UE/FD-Prlmal . . Eqrs: OD’*’TTSFEE@%?EQEE% :
3 Xa ‘: Travel g Ol ODR_RTrsED/RRkDY > Ta%k !
. minZ(x) = ZI ta(w)dw ' time t=t(x) L BT ED (True=1, False=0) '
i a€cA 0 N L
L s.t.

ZkEKrst:s —qrs =0 Vrs €Q

X = Yrseq Lkeky fr Oax Va€A

TS >0 Vk € Kyg, Vs € Q Fiow |
Xq =0 Va€EA R BODELIRNERD R

o THOUDIRR GELOTREHNECHEEEENBR)
UE/FD-Primal DKKTEENTTOMEE — T 2 Z L ICK YAEATE S

« BO—BMOI GLOIREHECHEEEENSR)
EHOETAREREN D CHNEGRAL S TRE)

BRBE A E O MBI e Hessian M IEEE (U > 7 /87 + —< > ABEHHEFEM)
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I Formulation: Traffic Assignment Problem

TAP) win T(6) = X gulf)  9a(fa) = I tu(s)ds

acA

dp, ifi=p
s.t. Z fapq - Z fapq = _dpq if i = q VieN V (p7 Q) eC —mEFEFL
acEW; acV; 0 otherwise
Z fapq - fa Yae A
(p,g)eC o
fapg = O Vac A V(pq) cC IREEACEIE
Origin Destination
1 Arc-Node Formulation
Yyyy-/—RERIL Q a '@

1 Arc (Link)
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12

U E/F D a)ﬁgi User Equilibrium with Fixed Demand
cf. A=K7 Vv 7EI#2by EHST A

B IR RE LR O — ik 4 AL

27 v 7A BETHARDER y=J(x)
EDAMICAEDZILENBEBEA RS T B H

27y 7B: RTFy7TH4 XDIEFR
BETAMICEZETED DD

X Xy Xs Xy X3

ATy TAERT Yy TBERYRYT Z & CRTREREEZ R DT

(UE/FD-Primal® & 5 %) rﬂln'l'\ BRZEClL, BATREESKEHNRERIC—HT 3o —EE

BRBHA LB T, RITARERENLESTH D L 5 B LHE

y y=f(x) y y=f( FAN MBI
SEEDa, b LT,
Af (@ + (1= DfB) = f(Aa+ (1 - Db) VA€ [0,1]
B EDEZD2E% & > TIRDZFI WK, 0%
not ™ M ITOBEMEY FIZEKD
2.2 UED &+
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| Frank-Wolfe Algorithm
ETAMEDOERR - "ATY T A XADERK, Z#%DIELITS
e Linearized Subproblem: 85 & H{LFEIRE

[LP]  min T (y) =T (f®) + VT(f<k>)T (y —£0) 0D = 8 B (g0 £ RS Tas

dpg ifi=0p
St D Yapg— D Yapg = —dp, ifi=gq VieN V(pq el IEmXisca:l
aEW; a€V; 0 otherwise
Z Yapg = Ya Vaec A
(p.g)€C
Yapg = O VaceA V(pq) €C IERArES=]
e Line Search Problem: E{RRREIRE
[LS] min T (1) =T (9 +1-3% - %)) Origin Destination
O 2 -0

1 Arc (Link)
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| Frank-Wolfe Algorithm

Cons

14

Efficient in the first iterations #HIREICE T D=

Ease of implementation EZEDBAZ

xk2

Convergence rate is arithmetic

xkd

— Slow convergence rate in later iterations UV FEEDES
Search direction tend to be perpendicular to the steepest descent
direction as iterations increase

REVED ERRAANZRERETARMEERIGESES
Generation of cyclic flows, which degrade performance

BIER7O0—ICKL S HEREET
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| Simplicial Decomposition (SD)

V&R Z ik B (all-or-nothingfit 23) DIMES (EAfTEEREHLE) &1 X.
ThsDx1hzKHS

e Nonlinear Problem: JEff#HZfEIRE
[INLP] x'|e arg min7T(x) X BROSEFRES

KEEoRET {yU, 72,30
e Master Problem: ¥ X ¥ —[E78 { /

l
[MP] min T (ZAW))
1=1 /
l
i=1 A FFEDOEHMRE TN

N> 0 i=1,....1

® MP generalizes the line search in the Frank-Wolfe algorithm.
MPIZFrank-Wolfe 7 JL I X LD E#FHFERZ —MRLLTcH D,
® Converges with a linear rate, and the convergence is finite, allowing removing extreme points with small weights from the problem.

RIZPRER Uy IRDERTH B1csh. EADNSBIFRZHIBRT 5 2 EDFREICR S,
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| Simplicial Decomposition (SD)

e Traffic Assighment Problem (Again)

) o . (6pgra): Y > 7 -)b— N EERRITS
[TAP] min T(f) = 3 gu(fa)  fa= 2 D Gparaliver UL ) b s B i
acA (P:)€C TERpq hpgr: JL— hr EDp—>gA DT O—
s.t. > hpgr = dyg V (p,q) €C
"€Rpq BT 51
hqu 2 O \V/ re qu \V/ (pa Q> € C incidenjcbe matrix
61 62 63 64 65 65 es €,
S % Gphey = Lo VacA I
(P,a)€C TE€ERpq Z: 011000 0 0
o000 1 1 1 1 0 1
1 Arc-Route Formulation oo oooita
0O 0 0 0 0 0 1 1

U 7-Ib—hERIE :

) . . (Chix/ —R&U > 0H)
@ |f enumerated, grows exponentially with the size of network.

EREZNETDE, XY NT—IDKRELLBDZERANTIEEL,

® —Solve restricted problem, find the shortest routes, and repeat.
o SHIRBELZRVTRERKBFERETZ2DERDET — Column Generation Method

17




| Contents

Tl 1. [TAP] Traffic Assignment Problem
I Voo Algort I 2. [FW] Frank-Wolfe algorithm
: & 3. [SD] Simplicial Decomposition
I e I 4. [DSD] Disaggregated Simplicial Decomposition
I Disaggregatesanzé? Decomposition I 5. Numerical Experiments
6. Conclusions

18




| Disaggregate Simplicial Decomposition (DSD)

e Disaggregate Master Problem

i S \Ool) | EEES X =T, X, TEL.
DMP! i (Z MY ’ZAQ g’ ;An Yn ) EHAES X; ICH L TIO OO EE > THE
s.t. Z)\Z@ = 1 i=1,2,...n

A FEE OB AR RN
A0 =120 m i=1,2,. .

yee T
® Restricted Master Problem
[RMP] min - T(A)  fo= D dpy D Spgiadpas EHMESIL—hTO-N5U> I TO—%5tE
(p,q)€C zEqu
st D> Ay = 1 V (p,q) €C
i€Ropg Apqi: FEELDEHRETHIN]

Mgi > 0 YieR,, Y (pq)eC.

® RMPIIFU Y- )L—hERLERLUTH S
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| Disaggregate Simplicial Decomposition (DSD)
e Initialization:

Let k = 0, and choose a point A© such that

A =1 V(p,q) €C
i€Rpg
> 0 VieR,, V(pg) ecC

e Search direction generation:
Let
: (k)
ipg € Arg max § A,
P giefz,,q { Pa }

be the basic variable index and let IV,, denote the set of nonbasic variables
for commodity (p, q), respectively. Compute

Iy = Vi, T (A®) = v, 7 (A®) -1,
where each component of VT (A(k)) is calculated as

2T (A9) = 5 et (1),
P acA
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| Disaggregate Simplicial Decomposition (DSD)

e Convergence test:

If ¥*) = 0, then terminate — A®) solves [RMP].

e Line search:

AW
Let  lpax = min ¢ min —% D Tp <09 0.

(Pa)EC | icRpq | T
Solve the line search problem
[LS] min T(l) =T (A® 4 1-5%),

le [0,llnax]

e New iteration point and convergence test:

Let A#tD — \®) 4 (k) §(k)

21
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| Numerical experiments

® FORTRAN-77 on a SUN 4/390 computer
e CPU: Sun 4300 (25 MHz)
e RAM: Max 224 MB
o (R7E(F2~4GHz, 4~16GBNREFAPCTIF L)
e Shortest route / RFIFIKIRTR:
Dijkstra’s algorithm
® Line search / BiREXR:
Armijo-type / 7 )L S IREHF
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| Numerical experiments

® Nguyen/Dupuis Problem

® 19 arcs, 13 nodes and 4 commodities
e CPU time: 0.15s

T(Iter)

Comparison between various related methods for the Nguyen/Dupuis problem

—e— Frank-Wolfe
120k —e— RSD
—e— DSD

110k
100k

90k

Iteration
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| Numerical experiments

® Sioux Falls network
® 76 arcs, 24 nodes and 528 commodities
e CPU time: 7.04s

e

South Dakota

Comparison between various related methods for the Sioux Falls network

—e— Frank-Wolfe
—e— Fukushima
—e— DSD

160

140

120

100

T(Iter)

80

60

=

40

Iteration
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| Numerical experiments

. Sioux-Falls Network

04 0.6 08 10
Tim

'''''

ADMM is better than FW, OBA | 0E-01 4

1.0E-01 !

3 ADMM_11_Block .
i m I

10E-03 13 -===- ADMM_12_Block o 1O '
! . @

o

? ————— ADMM_13_Block b ca AT
1 § 10805 v -
: S 1.OE
3 é 1.0E-07 <
: é 1.0E-09 o]
o 1.0
© 1.0E-11 ::
7 30,34,47,57,60.65 0.0 01 02 03 04 Q
8 1740,43,68 Effective computing Time (s) 1 0f
Fewer blocks, Faster convergence. /-\
EVANT) = AN 1 OE-11 T T T T
2024/5/13 cf. A FE=H#5 by aES A b U % o 3
CPU Time (s)

“An alternating direction method of multipliers for solving
user equilibrium problem”
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| Conclusion
User Equilibrium / UE (FI #1919

e DSDIdFrank-Wolfe, SD & tbE U TERFEMENREZEH LB > TWL B, I ke Algorith I
KRERY N T—=T7IcEWNWTLDEHEN,

o FRERBIERDEIMIEM L TOLERWKRRETIEAER L TED, I Simplicial Dtomposition I

o UVINRITA—XVABKBDOE, BE. v NT—VEIKIE D)
UCTBEANBEBICITA S 4

. SEEEOIEIMEAODSDOER. 5EUEEOHBIL oL | Ry Pecomesten |
TR ZHT 5,
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| PRI

BOMXZDOIOIEN THOERNBTVWDTRWERE ST
o GMEMPDFICTcEDENTAUEAAIL -

® Frank-WolfelBIEFEED Y V FIL X ICIRATHEDNTWS

o 1VE1—%5DAEREREDM LEHREN (MHz->GHz)
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