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0. What is Optimal Transport?

TV ERBON—T 14~ JTERE?
Vehicle Routing Problem of Demand Responsive Transportation?
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0. What is ‘Estimation’?

o |F— & IEWET L %E{ES / Developing a model that is[close to input data |

o« B HITEORBERITH 2R =BR T HRLET LOHETE

ex) estimation of mixed-RL model for explanation of individuals’ activity scheduling pass

e [JEX| ZHESEMIHT B ?/ How to evaluate ‘closeness’?

WDOLHETL 3D IEAERKI

maximization of loglikelihood
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0. Maximization of likelihood & KL divergence

 EROBAER, F—2HTHRE > THROKLE A N—T ¥ RBME

« —fiZICIE, RAE=KLZAN—2 2  XDTR/ML
Generally, maximization of likelihood 1s equal to minimization of KL divergence

ok Zss - AR O T ERE =R L1l iR R KL A N—2 = v XML
My theme: how to consider the unconsiousness of data point minimization of KL divergence

T—2E2hMEIcH
HBDTIE?
Other data points

/O/\may be available
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0. Divergence & Distance

¢ FAN=V VR IIFREDRNBEFH =S HL

Divergence does not satisty the distance axiom BE 0 /N
XY PR
SUMLBRDmEOEECEEEZRBTE AL « ZARER
(BT DA D FHERZSR) - FRRMLIE

s — HEBEHIXIIFEHEBEZERER TCZ S |
e LA LI HBT—XTIL| BEEEDO RN A -

Optimal Transport can Tollow the proposition under the certain condition

¥

7 v Y — X2 A 508/ Wasserstein distance
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Abstract

« REWHEICL DT 7 7RO T EiR
Method of Graph Comparison based on Optimal Transport

C Ty Y—RRA VM S ) YT TEE R EE LR
Structurally meaningful measure considering global structure of graphs using
Wasserstein distance

e JEMN 7 T T T EIEBICN T ARG TIILTY X L
Efficient algorithm for non-convex graph alignment problem
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Novelty, Usefulness, Reliability

Novelty/#T# 1%
« VI 7ESNEBEREREZEAGHOE T, F7T7HERE WD RELMITRICH-ARFEZREL -

fropose? a novel method for graph comparison, a difficult problem, by combining graph signal processing and optimal
ranspor

Usefulness/8 FH %
s BT —R%7 77 TRBIZTNIERRA BRIBRES®E - HH - BXICEBRTEZ S ?

By expressing in the form of graphs, lots of phenomena can be explained using the concept of this paper
o HETE TIZAIRLOAG AR LA ? AIRL might be better for parameter estimation

Reliability/{S $8 1%

« MINSTYAERY 7 7BV TFEDEMNE - BIMEZEILE (A2 LTH200 4 <A1 FhhIiIZ<nag)
Conducting case study using MINST and graph data

e GOTOERZMARH/- 5Ly« « - What does GOT stands for...????

s SRR AREL E A LO CCPRE&NI & ABRSTE

Unable to express a diversity of data (Kim & Prateek, 2023) Ref) Kadp saka-san & Ogawa-san’s
' presentation
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1. Introduction
o BMAL - BB LI-BERST 77RO BEE

More complicated and structured information — often expressed using graphs

« 7T 7HRIIBNEFEN G LIEFICEL W

graph comparison is very difficult and there are no effective methods

AT TS 7RO OFELEIEE
This study proposes a method for graph comparison
« ZODT 77 DiEEEE 77 7 EEEEHE D AT E AR IS

Enables the calculation the distance between two graphs and the transport map

EELLBTI5D0TRLGL BN LT 7750 HICEE

Focusing on smooth graph signal distribution instead of comparing graphs directly

- D EEERE %= & X 5 BRIC WassersteinEEEf & R E#iX Z 1 FH

Using Wasserstein distance for optimal transport in calculating distance between distributions

« T NI DOIEMNMEERIET AT DI I-HETE A EDIRSR

Proposing novel approach to tackle non-convexity of graph alignment problems
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1.1 Related work

- RE#HHX1781). IEFEFEINTWS

Optimal transport proposed first in 1781 by Monge, is largely revised recently
o BRI, T—XDN, BERFEE

Image processing, data analy51s machine learning

« 777~y F v mBEDRE L/ How to solve graph matching problems
S RE LR NP-hard) & L T DETL — S LREAIEE & 1T X /-

Formulation as a quadratic assignment(NP-hard) — method for approximate solution

« AR NIV TZRRY VT

e EIFE(EZO YT I vy DOFEN

o (hiEA

« NUNNUNT Y IiR—=—v2y bT—7

s RBHIXEDE DD O EZE R DFE | AN

* Flamary et al., Gu et al., Nikolentzos et al.

e JAET - TyY—X& A ViEE
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2.1 Preliminaries

« 777 graph G = (V,E) D; ;= d(i) ifi=j doo =4
o , , o 0 otherwise.
« [%3%177% Adjacency matrix W
o E#1T% Degree matrix D
« 577777 Graph LaplacianL : L=D — W
/40000\ (01111\ (4 -1 -1 -1 -1
0 2 0 0 O 1 0 0 0 1 -1 2 0 0 -1
D=10 0 2 0 O W=11 0 0 0 O L=}|-1 0 2 0 -1
0O 0 01 0 1 0 01 O -1 0 0 1 0
\0 0 0 0 3 \1 1 0 0 0 1 -1 -1 0 3)
BANET S T7DBE. BiE 77 7BEICOVWTDIEREFORATITS
THDEIZES EXTIHT 5 Matrix of graph’s structure

ARSI/ — FIco2WToIEHR
EXAESIE/ —FEITY PICOWTOER
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2.1 Preliminaries

7 7 7 £{&§5/Graph & Signal

{E5i&/ signal values (ES5#&/ structure T35 scalar (1) : 25 7O
O e 6= WE) U I DR A T —
(7__\\/ X )[/) 1%%5@}% 73 7IEEﬁ\ NW%E@? l U
He[1] &Y FERK

77 7ESOREMNT 777 (B8 LESEOMAILE

Graph signal needs both graph structures and signal values

BODBTZ77 B/ — P CHRAICESIEITTL7 77
Smoothness: how slightly signals vary between connected nodes

RELMERR Ty Y osEasREL/ — FEOBR

Strong connection: relationships among nodes with heavy weights BEHESS7ES BEHTHENY S 7{ES
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2.2 Smooth Graph Signals

77T T, L, DT 5 761,G. oML, BERHZER

Define graph signal distributions for graph G4, G, with Laplacian matrices L4, L.
v91 = N(0, LT)
:ugz — N(()? L;)

Ll L OB EET
(175 D—Azk)

mean: 0, covariance matrix: LJ{, LE

 <@B>
LNE7 7 7550 B LRI TV BRI eR L e ER TS
Laplacian matrix can capture the smoothness of graph signal distribution SIETE B A 4TH) 123 L T T
c LLOMARSDAREWEZEZD/ — FOEBSOHEAKREL | (DREETEL0) 2ER

: qmwﬁaﬁz/\ya REVFEZD2) = F Fawﬁmasamﬁm | THRERET
+ AU, | ;tj(éc (B <¢asaj<>

MCIEBL TS/ — FRDPBHRLAIESHELT S LV RE-—RBILGIRE

Signal values vary slowly between strongly connected nodes —common assumption
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2.3 Wasserstein Distance between graphs
55

7G1,G,% D HDTIEL L [EBHFvI, ub % K
Focusing on signal distribution to compare graphs, instead of graphs themselves

FHVIL U2 ICEAT S 7y Y —X %A iR

| LlVassersteinftE%E I
Wasserstein Distance of the distributions v91, u92 FEBED NI % M7-9 (p.2)

Wasserstein distance

B )
W3 (v g1 /.Lg = inf / |z — T(2)|* dv9 (z) c
T vI¥1=pv2 Jy . o
e T : $ixk~ v 7/ transport map(y — x)
Reformulate with Laplacian matrices
; . T T . W2
W2 (9, u%) = Tr (L] + L)) — 2T ( L; LgLf) Adaianes o reformulated: W
Closed form, meaning less calculation cost!
Optimal transport map )

LZzBEANRBL A7 7 7HE % Mmrl 6
- graph laplacian is directly used, so we can evaluate
Lix graphs’ character

(VIS

T(x) = L (LFLIL})
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2.3 Wasserstein Distance between graphs

WassersteinfEEf (37 7 7ER D KB GIEGREANDREEHL A F L

-Sensitive to differences that cause a global change in the graph components connection

BEmIciE2on s
IW—I2Hh b
Can be divided into
two communities

(b)] G2: 1Ly = Lallr = 2.828, © U3: IILy — L3||p = 2.828,
w32 (v91, 192) = 0.912 w2 (v91, 193) = 0.013

« TV TUATIOA—7 )y FEEBTRIL—TBEDEVNERETET
Euclid norm between the Laplacian matrices fails to detect the difference of group structures
« Ty —XZA VB TIIREBNLRBEDEZIRZA TV

Wasserstein distance can capture the difference of the global graph structure

WassersteintP B |3E 5 D2 JCIC 7 7 7 2Lk A 700Dt L TEF L W

-Now we are equipped with a measure to compare aligned graphs of the same size through signal distributions

2024.06.07 GOT: An Optimal Transport framework for Graph comparison



2.4 Graph Alignment

c TI7T7G11 DG DRBREEEZD—TTFTTFITIVTY
Optimal Transport from graph G to G,

W3 (19, u9) = Tr (L{ - L%) —2Tr ( V Li L;Tsz)

» T IVTVIE/ - FOEE (RE) HED S EE
Laplacian varies as the enumeration of nodes change
« BEBEABRICEMNT 2R THICHEZZEZ S ETICRHENEL D

Troublesome when considering the alignment of dynamic graph

/—FolEE (k&)

¢ T537G,DTRTDIRERZEZET 570, BRAEETER i ﬁfﬁfwi?ﬁﬁ%ﬁi
To evaluate all possible structures, we define probability measure of graph G, 2D ?Eﬁf%ﬁ?ﬁufgﬁ EFE
- TEEMDHBLTOG,EEEICEZD I 5 B%T S . TOICRER

Treating all the possible G, stochasitically

u$ = N(0,(PTLyP)") = N(0, PTLIP)
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2.4 Graph Alignment

B #1752 UL T/ About permutation matrix

2 -1 -1 0 0 0 O 9 0 -1 -1
Lo|t 2 0 1l 5_ 0 1] 0|2 3ANEDLD prpp_ |0 1 -1 0
-1 0 1 0 011 0 7 -1 -1 2 o0
0o -1 0 1 0 0 O L AANEDH o7 -1 0 0 1

TDZ 77T TS /= R2&3% ANE R 5 EHRTTS ANEZED T T 72T 177

Original Laplacian matrix Permutation matrix that changes nodes 1 and 2 Laplacian matrix after permutation

SR, Ty —AKAVEBAR/NIT S LS BERTH Z KO IEL L

The goal is to estimate permutation matrix that minimize Wasserstein distance (Pelo 1V
Y
. . Pliy =1y
2061 G\ — v (7t 7t _ome (1/72rtT2 S 2(,61 ,,92
W3 (w9, n%?) =T (L1 +L2) 2T1( L; LQLl) —_— Igler]llégl;%e Wy (1/ ,,uP) s.t. { ]l;P — 1
\ PTP — I]\fx]\[1

INT/ —FERINAEDLZGZEZZER LICEIMEICED

Now we can consider probabilistic enumeration of nodes
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3. GOT algorithm

SEBEOREEE KD D AW D BE

Optimization of OT needs differentiation

— g ICRERIRI B h v 7Y v S IEERM TR AIREE D R D

(generally) discrete coupling — undifferentiable

3.2 MEDIECHD T DR M XWIFERZEA
Apply Bayesian exploration because the
problem 1s nonconvex

3.1 R RIEE L FZICERS by| > 7R —V BEF
HEckE T HTHEEIL

Reformulate into differentiable form by Sinkhorn

operator, then optimize by gradient descent

(a) Graph 1

01

22222222

0000000000000

(b) Graph 2

(c) Solution P to (14)

(d) Matrix S, (P) |

n:O i H :n* | })-U a llf ll '
(a) Plot of f(t) = —sinc(t) (b) Contours of J(n,0) = ]EtNN(Wz){f(t)}
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3.1 Optimization

Now our goal is to solve | minimize W3 (v, 1) | BUT... 0 10
Fer P=110 0
1
BIRTTIIPORZERE Y M4 XHO(N!) DEtEIFREIL - | 00
A factorial number of feasible solutions for a permutation matrix )= FOtEEZ IINGEY
‘ N! ways to change the alignment
_ ok e ne . of nodes with size N
POl 2 #5280 L B miE L (Z 5 5 A A Tl Rl Bl . nodel to3,2to 1,3 to 2.

Constraint reformulation and make the problem differentiable
> v R — @B F/ Sinkhorn Operator S (P) = Aexp(P/T)B

exp (2)DEATH + HFIAMA 1A D & 5 ISPRERE (A4, BIEA1TF)

Sinkhorn operator §; normalizes the rows and columns of exp (g) with A4, B

ADFEE, &7 - KIMA LA L ETRE  AY = diag (PH1y) ™

plk+1] = glK plkl gIK]
BlF = diag (15 A PIH)

—1
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3.1 Optimization

BB b EEE{L -9 RIBE IS / Now the cost function is differentiable

« v 2 g (o)
minimize Wy (v, g’ p)) - (19)

L) EfE T THELF % / Can be solved by gradient descent

0123456789 01234567829

0 25 0 .
1 - i 20 ! i 08
2 [ | 2 |
3 ] [ 5 3 | 0.6
4 | 0 ¢ =
5. sl 0.4
3 | 5 g | :
7 [ | 7 |
8 ] o 8 [ 0.2
9 [ ] 5 2 o

0.0

(a) Graph 1 (b) Graph 2 (c) Solution P to (14) (d) Matrix S, (P)

«  Graphl, 2189 2 (14)DEFEMRE LK (c) - TILDED B LU LE IS

Solution P to (14) of Graphl, 2 is shown in fig(c). Cell’s value corresponds to alignment likelihood
o s.(P)IEE() : LI DELIHEEE (0,1)

s;(P) is shown in fig(d). Values are probability(0, 1)
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3.2 Stochastic exploration/ FEZRRIERER

Now our goal 1s to solve

)

PE]RNXN

JEfh ! nonconvex!

minimize sz (Vgl g ,ngi(p)) \ BUT...

BIETIIPE/NNT A RODDFq, THZ, 0lI2 W TOWSDHIFER/IVLREEIC TR

Reformulation into minimizing the expectation with regard to 6

. e 2/(.G, .G
minimize Eque{Wz (v 1,,u$i(P))}

QoS ZEEIEHR DM THEZX D qg is given from the multivariate normal distribution

. j i~ N(0,1)
doe
qunit 1S parameter-less

QUnit - Hi,j N(Oa 1) minimize IEG’unnit {W22 (Vgl ) Ngi ("7+0'®€)) }1

g
UE o ),

. J(m,0)
VJ("% 0') ~ Z V)/\}22 (Vgl ’ /-l‘gT (n+g®e))‘

€~V Qunit

2024.06.07

—~N A X{EZR  Bayesian exploration

0 = (n,0) € RNXN x RNXN

do = Hi,j N(mj,%zj)

n:D H I :n’
(a) Plot of f(t) = —sinc(t)

N
9

m—

/

n '{’r\‘ ns -

(b) Contours of J (1, 0) = B pr(n0zy { F) }

FERRLECRET TR S
FRFTRRIZBE © 9 KRB @ Ag 12 E)hE

can be solved by stochastic gradient descent
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4.1 Alignment of structured graphs

1.0

0.8

0.6

0.4

0.2

0.0

~1

ESL T T 7 DX

40/ — K, 47 )L — 7 % D4 Bt/ Generate graphs with 40 nodes and 5 communities
Ty YDOBIBRT/ A X% MA T2 7 7 % {ERk/ Create noisy graphs by eliminating nodes
INoDT7 770/ — FEREEEREZ 7 > X LIZHE R/ Generate permutation randomly
3F ;% TLHbE/ Compare three methods (GOT, GW, L2)
M F % %z 418 %8 FH =/ Four types of evaluation criteria

Normalized L2 error

Normalized GOT error

Normalized GW error

-~

—— GOT
—— GW

—_— L2

= GOT
—e— GW

—_— L2

i

—

e GOT
—e— GW

—_— L2

::::Ssﬁ"’;‘//é:

—— GOT
—e— GW

——r L2

j}

00 01 0.2 03 04 05 0.6

00 01 02 03 04 05 06

00 01 02 03 04 05 06

0.0 0.1 0.2 0.3 04 05 06

Edge removal probability Edge removal probability Edge removal probability Edge removal probability GOT ‘j: fi L T E L\'Iiﬁlé
Y A Y /' GOT performs good
0(Z3m WA AR UL The closer to 0, the better LHIIEWAA R W

2024.06.07

The closer to 1, the better

GOT: An Optimal Transport framework for Graph comparison




4.2 Graph classification

« TR LT T 7 D3EEERE/ Random graph classification
o SETILIZHE S TI00fE D 7 Z 7 % H 7]/ Creating 100 graphs from five models(SBM2, SBM3, RG, BA, WS)

EDTZT7T7H20/ —F, I v IEHIELY All graphs have 20nodes and a similar number of edges

« Bii% 72X LIZHERY/ Creating P (permutation matrix) at random
« BT T 7 %% ¥ T/ Categorizing permutated graphs to an original class and comparing models

GOT: 95/100

NetLSD: 74/100

GW: 85/100 L2: 75/100 FGM: 81/100 IPFP: 68/100 RRWM: 90/100

RERFED RS DRI R AREBREO ST 7SS, FIHFRIL ST 7 I,
GOT(proposed) shows the best performance BN WA SITEREANBL L L51ET

2024.06.07

Rows correspond to the actual graph, columns correspond to the

predicted graph.
Lighter colors are correct — diagonals should be brighter.

/74
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4.3 Graph signal transportation

* MNIST = {£F8 / using MNIST

I{2]13]14]516]21%8]49 | \
inclination small TCESR DB = AV 4 LB
HEIEIIGOFIHEE e
inclination big B
ol J Rk L, BEHRE _ B B
ll J no texture, white-based E_EQQOD 7 AT X
pr. » e Y. ] — B EREIRICH
T L EEEE e b
| —  Eae— } texture, black-based B
‘ Y

JCIEfR Original image 114 7t Generated image

A TRAERE £, £ NS ATEREBIT LS

GOT model generated recognizable images, which have common features with original one.
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5. Conclusion

c RBENXIC K BT T 7RO A EwmE, 777 ESDHEOTyY—RR
A VEEREICEB L THEL .
Method of Graph Comparison based on Optimal Transport

« BN T T XIS T AMEN LTIV X LziRE L1
Efficient algorithm for non-convex graph alignment problem

¢ T—RARARXT A TREFIEOBMNEZHETL L 71<
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c NWEDBLEDEERIR AN ZF DX X7 T 78590 HICH D ?
c FHICHBITART Vv ILH T T 7 TCRIE (FEE, E?)

o [REDHENE] &V D K TIEHIEICHIE L ?
CHIEIE W RIE FIHIES S 2T (REX ALK

s NWLETHALHD [RRE] Z#EN LI-H D% T T 7E50TH & ERT
NAIEAEIcBL 5 ?
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SEIFIIRD - AR Z2 GO/ 3K THBETEI-DITRN -7
« NI ADAIRLIFFE & & FHzE

o BB - IBWMEM (ZhE) LELRODEIHITERN (B)
« 77 7EmE BERDEZ D

Eik %> 7- A~
c HEENIXEDIERE 7T XL, EEEE. EIRMT. 2023
« [BEHREBMFOFER. HIME—. Y14 T X5, 2014
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